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Abstract 



A relativistic and manifestly gauge-invariant soft-photon amplitude, which 
is consistent with the soft-photon theorem and satisfies the Pauli Principle, 
is derived for the proton-proton bremsstrahlung process. This soft-photon 
amplitude is the first two-u-two-t special amplitude to satisfy all theoretical 
constraints. The conventional Low amplitude can be obtained as a special 
case. It is demonstrated that previously proposed amplitudes for this process, 
both the (u,t) and (s,t) classes, violate the Pauli principle at some level. The 
origin of the Pauli principle violation is shown to come from two sources: 
(i) For the (s,t) class, the two-s-two-t amplitude transforms into the two- 
s-two-u amplitude under the interchange of two initial-state (or final-state) 
protons, (ii) For the (u,t) class, the use of an internal emission amplitude 
determined from the gauge-invariance constraint alone, without imposition 
of the Pauli principle, causes a problem. The resulting internal emission 
amplitude can depend upon an electromagnetic factor which is not invariant 
under the interchange of the two protons. 
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I. INTRODUCTION 



It has been known since the early work of Low |I| that the soft-photon theorem ap- 
phes to all nuclear bremsstrahlung processes. This theorem states that, when the total 
bremsstrahlung amplitude is expanded in powers of the photon momentum (energy) the 
coefficients of the two leading terms are independent of off-shell effects. Therefore, the the- 
orem implies that a soft-photon approximation (an on-shell approximation based upon the 
first two terms) should provide a good description of any bremsstrahlung process, includ- 
ing proton-proton bremsstrahlung {pp'~f). The open question has been how to construct a 
soft-photon amplitude which satisfies all theoretical constraints. 

During the past three decades, a variety of soft-photon amplitudes have been proposed 
to describe the (pp7) process. Although most of these amplitudes are relativistic, gauge 
invariant, and consistent with the soft-photon theorem, they violate the Pauli principle at 
some level. The requirement of fully satisfying the Pauli principle was heretofore neglected. 
The purpose of this paper is to provide a derivation of a soft-photon amplitude that not 
only is consistent with the soft-photon theorem, is valid relativistically, is manifestly gauge 
invariant, but also satifies the Pauli principle. 

Recently, a prescription to generate two classes of soft-photon amplitudes was discussed: 
(1) the two-M-two-t special {TuTts) amplitudes from the class expressed in terms of the 
(m, t) Mandelstam variables and (2) the two-s-two-t special (TsTts) amplitudes from the 
class expressed in terms of the (s, t) Mandelstam variables 0. In Ref. 0, simple cases were 
used to demonstrate basic ideas and methods. The two particles involved in the scattering 
were assumed to be spinless and to have different masses and charges. The elastic scattering 
amplitude was defined as the sum of a direct amplitude and an exchange amplitude. Under 
these assumptions, the derived amplitudes are applicable to a description of bremsstrahlung 
processes involving the scattering of two bosons, but not two fermions. Because the proton 
is a spin-1/2 particle and the two-proton amplitude must obey the Pauli Principle, the pp 
elastic amplitude must be antisymmetric under interchange of the protons. That is, for the 
pp case the scattering amplitude should be obtained as the direct amplitude minus (not 
plus) the exchange amplitude. Therefore, the TuTts amplitude derived in Ref. is not 
a proper representation of the pp~f process, even though the argument regarding why the 
TuTts-tjpe amplitude should be used to describe the pp bremsstrahlung process is correct. 
Moreover, there is an additional problem which is related to the ambiguity in determining 
the internal emission amplitude. Without imposing the fermion antisymmetry requirement, 
the gauge invariant condition alone does not yield a unique expression for the internal 
amplitude. This important point, emphasized here, was not imposed in Ref. 0. As a result, 
the internal amplitude obtained in Ref. for the nonidentical particles considered is not 
a proper choice for bremsstrahlung processes involving two identical nucleons. For the case 
of pp'j the violation of the Pauli principle for the TuTts amplitude introduced in Ref. 0] is 
not serious since such violation is found only in the term of order K. 

A more realistic TuTts amplitude for the pprf process was proposed recently That 
amplitude is relativistic, gauge invariant, and consistent with the soft-photon theorem. How- 
ever, it does not obey the Pauli principle at the order in the expansion in terms of K. 
The problem arises from the internal amplitude. It involves an electromagnetic factor which 
is not invariant under the interchange of the two initial-state (incoming) or two final-state 
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(outgoing) protons. As we demonstrate below, this factor is but one of two possible choices 
that can be obtained by imposing gauge invariance. The second choice for the invariant 
factor was missed in Ref. 0, because the requirement that the Pauli principle be satisfied 
was not imposed in the derivation. 

Except for the TuTts amplitude discussed in Ref. 0] , almost all pp7 soft-photon ampli- 
tudes considered in the literature belong to the (s, t) class. These amplitudes depend upon 
the pp elastic amplitude, which is evaluated at the square of the total center-of-mass energy 
s and the square of the momentum transfer t. In fact, in most cases the average s and the 
average t were used. The amplitudes obtained by Nyman ||^ and Fearing |^ are two well 
known examples. Such amplitudes are classified as Low amplitudes. Except for the Low 
amplitudes, all other amplitudes in the (s,t) class violate the Pauli principle for the following 
reason: If one interchanges the two initial-state (or final-state) protons, then one converts 
the (s, t) class of amplitudes into the (s, u) class of amplitudes. Because the pp7 process 
involves a half-off-shell amplitude (not an elastic ampltude), the (s, m) amplitude obtained 
by this procedure is completely different from the original (s, t) amplitude. Therefore, it is 
impossible to regain the original (s, t) amplitude with just a sign change after interchanging 
the two protons. 

This paper is structured as follows. In Sec. II we define the pp elastic scattering am- 
plitude which will be used as input to generate the bremsstrahlung amplitudes for the pp7 
process. We use the amplitude introduced by Goldberger, Grisaru, MacDowell, and Wong 
(GGMW) [0, but without incorporating the Fierz transformation. In Sec. Ill we derive a 
relativistic TuTts amplitude by imposing gauge invariance and the Pauli principle. In de- 
riving the amplitude, a straightforward and rigorous approach, slightly different from that 
employed in Ref. [@, is utilized. We verify that the resulting TuTts amplitude is consistent 
with the soft-photon theorem. Finally, a variety of other amplitudes, which violate the Pauli 
principle, are discussed in Sec. IV. 

II. THE PROTON-PROTON ELASTIC SCATTERING AMPLITUDE 

The Feynman amplitude F for pp elastic scattering. 



p(gf ) + p{j>t) 



pWf) + P(Pf ) , 



(1) 



can be written as |P 



F 



FiiG, - Gi) + F2{G2 + G2) + F^iG, - G3) + F,{G, + G,) + F,{G, - Gs) 

Y^FalGa + i-ir Ga] , 



(2) 



a=l 



where 



Ga = u{qf)Xau{qi)u{pf)X°'u{pi) 



Ga = u{pf)\au{qi)u{qf)X^u{j)i) 



(3) 



and we define 
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(Ai, A2, A3, A4, As) = (1, i757M' ln^ 75) , 
(A\ A^ A^ A^ A^) ^ (l, ^757^ 7^ 75) . 

Note that A^ and A" are tensors. For example, A^A2 = A2A'^ = |o"^jyO'^'^, where the summa- 
tion over 11 and v is imphed. In Eq. (2), Fq, (a = 1, . . . , 5) are invariant functions of the 
Mandelstam variables s, and it. 



s = {qi+Pif = 
Because of energy-momentum conservation. 



{Qf+Pff , 

(Qf-Pif- (4) 



Qi + Pi = Qf + P"} : (5) 
s, t, and u satisfy the following relation, 

s + t + u = 47n'^, (6) 

so that only two of them are independent. (Here m is the proton mass.) The optimal 

choice of these two independent variables will depend on the fundamental diagrams (or the 
dominant tree diagrams) of a given process. In our case, guided by a meson- exchange theory 
of the AW interaction, we choose u and t to be the two independent variables, and we write 
Fa — Fa{u, t). In Eq. (2), Fa{u, t)Ga represents a sum over the five direct amplitudes, 

while J2a=i{—^)°'Fa{u,t)Ga represents a sum over the five exchange amplitudes multiplied 
by the sign factor arising for two nucleons. The five direct amplitudes are depicted in Fig. 
la and the five exchange amplitudes are exhibited in Fig. lb. These ten elastic-scattering 
diagrams will be used as source graphs to generate bremsstrahlung diagrams. 

The Pauli principle imposes some restrictions on Fa{u,t). For isotopic triplet states, we 
require that 

Fa{u,t)^{-ir+'Fa{t,u) . (7) 

If we interchange with (or with pf), then (i) u is interchanged with t; (ii) Ga is 
interchanged with Ga', and {in) the direct amplitude Fa{u,t)Ga will be interchanged with 

the exchange amplitude [—{—l)°'Fa{u,t)Ga] but with opposite sign. Thus, the amplitude F 
given by Eq. (2) changes sign, and the Pauh principle is therefore satisfied. 
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III. PROTON-PROTON BREMSSTRAHLUNG AMPLITUDES 



A. External amplitudes 

We can use Figs, la and lb as source graphs to generate external emission pp 

bremsstrahlung diagrams. 

If the photon is emitted from the g/-leg, then we obtain Figs. 2a and 2b. The amphtudes 
corresponding to these two diagrams can be written as 



a=l 



where 



and 



u 



(9/)r,- 



1 



-Xau{qi)u{pf)X''u{pi) 
{-lfu{pf)Xau{qi) u{qf)T^——^ X"u{pi 



Ul = (Pf - Qi^ = {Pi -Qf- Kf , 

= (Pf - Pif = {(li -Qf- Kf , 
Ag^ = {qf + Kf ^m^ + 2qfK , 



(8) 



(9) 



is the electromagnetic vertex. Here e > is the proton charge, k is the anomalous magnetic 
moment of the proton, and we have used three-body energy-momentum conservation for the 
PPT process. 



qt+P^=<lf+Pf + K^^ ■ 



It is easy to show that 
where 



If 



(10) 



(lla) 



(lib) 



and we have used [A, B] = AB - BA and {A, B} = AB + BA. If we expand Fa{ui, tp, A,^) 
about Ag = m^. 



Fa{Ui,tp, Ag) = Fo,{ui,tp) + 



dFa{ui,tp,Ag^) 



OA 



If 



(2g/ • K) + 



(12) 



where 
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Fa{ui,tp) = Fa{ui,tp,m'^) , 



then Eq. (8) becomes 



a=l 



F^{u,,tp) + {2qf ■ K) 



dFa{ui,tp,A 



If 



dA. 



If 



+ 



Aqj. =m? 



X 



qf.K 



Qff, + RII 

. qf-K , 



(13) 



If the photon is emitted from the ?i-leg, then we get Figs. 2c and 2d, and the corre- 
sponding amphtudes have the form 



a=l 



U 



1 



+{-iru{pf)K 



1 



^Mqi) u{qf)X°'u{pi) 



where 



and 



If we use the relation 



U2 = (?/ - Pi)^ = (qi -Pf- Kf , 
A,, = {q, - Kf = m'-2qi-K . 

fqit^ + Rf: 



(14) 



-m 



^Mqi) 



qi-K 



u{qi) , 



(15) 



where Rj^ is given by the same expression as Eq. (lib) but with qf replaced by q^, and 
expand Fa{u2, tp, Ag.) about A^. = m^, 



F„(M2,tp, Ag.) = Fa{u2,tp) + 



dFa{u2,tp,Aq.) 



dA„ 



-2qi ■ K) 



(16) 



A„, =m2 



where 



we obtain from Eq. (14) 

5 

M^^^(w2,tp,A,J = -e^ 

a=l 



Fa{u2:tp) = F^{u2,tp,im?) , 

dF^{u2,tp,Aq 



Fa{u2,tp)-{2qi-K)- 



dA. 



+ 



X 



u{qf)Xa ( ^'^^^^ ) u{qi) u{pf)X'u{pi) 



\ qi-K J 

+ {-iru{pf)K 



^Jt±3\ u{q,) u{qf)X-u{p.) 

qi- J 



(17) 



Similarly, if the photon is emitted from the p/-leg and pj-leg, then wc obtain Figs. 2e 
and 2f and Figs. 2g and 2h, respectively. The amplitudes corresponding to these figures 
have the following expressions: 



5 

a=l 



Fa{u2,Q + {2pfK) 
u{qf)Xau{qi) u{pf) 



dF^{u2,tq,A 



PS, 



X 



PfK J 



+ 



PfK ) 



and 
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F„(«i,g-(2p,-/r) 



+ 



X 



+ {-'^Tu{pf )XaU{qi) u{qf )X 



Pi-K 



u{Pi) 



Here, 



tq = {(If - <lif = {Pi -Pf- Kf , 

2prK , 



A,^ = {pf + Ky 



{p^ - K f 



m 



m 



2pi-K , 



(18) 



(19) 



(20) 



and R^^ and R^^ are given by the same expressions as R1/ in Eq. (lib) but with qf replaced 
hy Pf and Pi, respectively. 

The external emission process is the sum of emission processes from the four proton legs. 
Therefore, the external bremsstrahlung amplitude, , can be written as 



= M^^f(u^, tp, A J + M^;(u2, t„ AJ 
+MPf(u2, tq, ApJ + MP'(ui, tg, Ap,) 



(21) 



B. Internal amplitudes 

The internal bremsstrahlung amplitude, M^, can be obtained from the gauge- invariance 
condition, 

{M^ + Ml)K^ = . (22) 

However, this condition alone cannot give a unique expression for the amplitude M^. The 
ambiguity can be removed if the additional requirement of satisfying the Pauli principle is 
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also imposed. Because i?^ {Q — qf,Pf, qi,Pi) are separately gauge invariant, viz. R^K^ — 0, 
we find 

5 

= -e ^ [Foc{ui, tp) - Fa{u2, tp) + Fa{u2, tg) - Fa{ui, tg) 



dFa{ui,tp,A 



If 



+{2pf . K) 



dAg, 

dFc,{U2,tq,A 



+(2g, • K) 



dFa,{u2,tp,Aq 



dA 



PS 



+ (2pi • K) 



dF^{ui,tg,Ap.) 



dAr 



H ] [u{qf)\au{q^ u{pf)X'^u{pi) + {-lYu{pf)Xo,u{q^ u{qf)\'^u{pi)\ 



Let us define 



4 = F^{Ul, tp) - F^(U2, tp) + F^(U2, tg) - Fa{Ul, tg) 

= -{[Fa{Ui,tp) - Fa{u2,tp)] - [Fa{ui,tq) - Fa{u2,tq)] 
+ [Fa{ui, tp) - Fa{ui, tg)] - [Fa{u2, tp) - Fa{u2, tg)]} . 



(23) 

(24a) 
(24b) 



The choice of the expression given by Eq. (24b) is guided by the requirement that the Pauli 
principle be satisfied. Using the kinematic identities 



Ui-U2^ 2{qf -pi)-K ^ 2{qi - pf) ■ K , 
tp-tg^ 2{qf -qi)-K^ '^{Pi-Pf) ■ K , 



and the mean-value theorem, we obtain 



Fa{Ui,tp) 


- Fa{u2,tp) 


= 2(g, 


-Pf) 


K 


Fa{ui,tg) 


- Fa{u2, tg) 


= 2(g, 


-Pf) 


K 


Fa{ui,tp) 


- Fa{ui, tg) 


= 2(p, 


-Pf) 


■K 


Fa{u2,tp) 


- Fa{u2,tg) 


= 2(p, 


-Pf) 


■K 



dF(y{Ufn., tp) 

du„i 
dFa{u'^,tg) 

dFa{ui,tm) 
df 

dFa{u2,t'J 

dtL 



(25) 

(26a) 
(26b) 
(26c) 
(26d) 



where and u'^ lie between Ui and U2, and t^ and t'^ lie between tp and tg. Inserting Eqs. 
(26a-26d) into Eq. (24b), we get 



7- / \ dFa^Umjtp) . \ ^■^a{lJ'mi^q) 

la = [qi -Pf)-K {qi -Pf)-K 



+{pi-pf)-K 



dFa{ui,tm) 

dtrr,. 



iPi -Pf)-K 



dFa{u2,t'^ 

dtL 



(27) 



8 



The expression for can now be generated if we substitute Eq. (27) into Eq. (23). We 
find 



(?i-p/)/. — — --\(ii-Vi)ii- 



dFa{ui,tr, 

dt 



{Pi - Pf) 



dFa{ui,tp,Ag^) 



OA. 



If 



dFc,{U2,tq,A 



Pf 



dA 



Pf 



+ '^Pi^l 



(9F^(^2,C) 

dFa{u2,tp, Aq.) 



dFa{Ui,tq,Ap^ 



Apj, =m? 



OA 



Pi 



+ 



[u{qf)\au{qi) u{pf)X^u{pi) + {-lYu{pf)\aU{qi) u{qj)X^u{pi)] 



(28) 



C. The Two-'u-Two-t special amplitude Mj"-^**('Ui,U2;ip,iqy 



The amphtude Mj"^*'^ can be obtained if we combine the amphtude given by Eq. 
(21) with the amphtude given by Eq. (28), 

= M™' + 0{K) . (29) 

We observe that aU off-sheU derivative terms cancel precisely. The derivatives of F^ with 
respect to Um-i u'^, tm, and can be replaced by the finite differences by using Eqs. (26a- 
26b). For example, Eq. (26a) gives 

dFa{Um,tp) _ Fa{Ui,tp) - Fa{u2,tp) 

dum 2{qi-pf)-K 
If we use the finite differences and the following relations 

(g/ -Pi)-£ ^ {qi -Pf)-£ 

{qf -Pi)-K {qi -pf)-K ' 

{Pi -Pf)-£ ^ {qf -qi)-e 

{Pi -Pf)-K {qf -qi)-K ' 
the amplitude Mj""^*'' can be written as 



(30) 



^TuTts ^ g ^ [u{qf)X^,u{qi) u{pf)X^u{pi) + u{qj)Ku{qi)u{pf)Y^u{pi) 

a=l 

+u{pf)\'^u{qi)u{qf)Z^^u{pi)+u{pf)T^u{qi)u{qf)\o,u{pi)\ , (31) 

where 
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r; = (-i)"F„(ii2,g 

with 



Pf ■ K 

+ RV 



qrK 
PfK 



~ Fa{u2, tp)Xa 

-K, 



Pf 



Qif. + Rfi 

Qi-K 

' Pit. + Rf: 

, Pi-K 
Aa-(-irF,(iii,gA„ 



^ {qf - Pi)n ^ {Qf - (ii)n 



+ 



v„ 



v., 



PH^+Rl_y 
'l_H^±R]i_y 



{Pi - Pf)n 



(32) 



^ 2{qf -Pi)-K 2{qf - qi) ■ K 2(g, -pf)-K 2(p, - Pf) ■ K ' 

It is easy to verify that Mj"^*^ is gauge invariant; that is, one can demonstrate that 
Mj"^*^X'^ = 0. 

If Pi is interchanged with qi, or if qf is interchanged with pf, we find 



qi ^Pi 

ya ^ _rjpa 

qi ^Pi 



qf^Pf 



qf^Pf 



(33) 



Eq. (33) assures one that the amplitude Mj"^*^ will change sign if ^ pi or qf ^ Pf- 
Hence, the Pauh principle is still satisfied. 

The amplitude Mj"^** given by Eq. (31) can be separated into an external contribution 
Mj"^*^(£;) and an internal contribution Mj"^*^(7), 



j^TuTts ]\ zfTuTts ( J7<\ I n jTuTts i 



m;"^*^(^)+m^ "^ *^(/) , 



(34) 



where 



M™\E) = e ^ [u{qf)X^^{E)u{q^ u{pf)X'u{pi) + u{qf)Ku{q^ u{pf)Y^{E)u{pi) 



a=l 



+u{pf)X'u{qi) u{qf)Z^^{E)u{pi) + u{pf)T^{E)u{qi) u{qf)Ku{pi) . (35) 



and 
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a=l 



X 



Ga + i-lTGa 



(36a) 

= -eV; tp) - F{u2, tp) + F{u2, t,) - F{u,, t,)] . (36b) 

In Eq. (35), Xaf^{E), Y^^lE), Zaf^iE), and T^{E) are given by the following expressions: 



Xaiji{E) — Fa{ui, tp 



'^^^ ^ ~ Fa{u2, tp) Xo ^ ^ 



Pf ■ K 



. q^■K 

. Pi-K 



Zo^^iE) = {-irF^{ui,tp) 

T;(^) = (-i)"F,(«2,g 



' Pfj. + RV \ ^a 



-lTF^{u2,tp)r 



Pi-K ^ 

qH^ + R]f 



(37) 



Note that we have used the definition of the elastic amplitude, Eq. (2) (with pf — >• pf and 
Qf g/), to obtain Eq. (36b) from Eq. (36a). 

The amphtude Mj"^**(7) does not vanish in general. If we use the following expansion. 



Fa{ui, tp) - Fa{u2, tp) + Fa{u2, tq) - Fa{ui, tg 



+ [2{q, - Pf) . K] [2{p,-pf).K] 



d'^Fa{ui,tg 
dtgdul 



(38) 



then Eq. (36a) can be written as 



M. 



TuTts 



{I) = -^Y.[^{Pi-P})-K{q^-pf), 



+2{qi-pf) ■ K (pi-pf)^^ 



d'^Fa{ui,tq 

dtgdui 



(39) 



which shows that Mj*'^*''(/) is order of K. This feature, together with the fact that Mj"-^** 
is free of off-shell derivatives, proves that the amphtude Mj"^** is consistent with the soft- 
photon theorem. In order to obey charge conservation, the internal amphtude Mj"^**(/) 
must vanish at the tree level. To see this, let us consider a one-boson-exchange (OBE) 
model. For any OBE model, the elastic amplitudes F{ui,tj) can be expressed as follows: 



F{ui, tj) = Foitj) - FE{ui) , (i = 1, 2; j = p, q) 



(40) 



Here, F£,{tj) and FE{ui) represent all direct amplitudes and all exchange amplitudes, re- 
spectively. Inserting Eq. (40) into Eq. (36b), we find 



M. 



TuTts 



(7) = 



(41) 
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IV. DISCUSSION 



A. The Two-M-Two-i special amplitudes 

The amplitude M™^ given by Eq. (31) is not the only two-ii-two-i special amplitude 
which can be constructed from the external amplitude Eq. (21) by imposing gauge invariance. 
In Eq. (23), the expression for Mj^K^^ involves a factor defined by Eq. (24a). If we rewrite 
la in the form shown in Eq. (24b), and use the formulas given by Eqs. (26a-26d), we obtain 
Eq. (27). It is this expression for I^, which gives us the amphtude Mj"^**. This amplitude 
has many good features: it is relativistic, gauge invariant, consistent with the soft-photon 
theorem, and it satisfies the Pauli principle. 

However, Eq. (27) is not a unique expression for 7^. If we substitute Eqs. (26a) and 
(26b) into Eq. (24a), we obtain 

L = 2{q^-pf) ■ K ^^^^^^ - 2(g. -p/) • K ^^^^f^ , (42) 

which is different from Eq. (27). If Eq. (42) were used, we would obtain a new amplitude, 
MJ"^**, which is given by the same expression as Mj"^** defined in Eqs. (31) and (32) but 
with Vfjt replaced by V^, with 

' {q,-pf)-K {qf-p,)-K- ^ ^ 

If Pi is interchanged with (or if q^ is interchanged with pj), then we have 

' iP^-Pf)■K {q^-q^K^''^ ^''"^ 

while, on the other hand. 



V,, 



V, 



M ■ 



(44b) 



qi ^Pi 



Thus, there is an important difference between the two amplitudes, Mj"^** and Mj"-^**, 
because Mj"^** does satisfy the Pauh principle, while Mj"^** violates it. This is the main 
reason why the amphtude Mj"^**, not Mj"^**, should be used for the pp7 process. 
If we apply the Fierz transformation. 



G2 
G3 



/I 


1 


1 


1 


1] 




(GA 


6 


-2 








6 




G2 


4 





-2 


2 


-4 




G3 


4 





2 


-2 


-4 




G4 




1 


-1 


-1 









(45) 
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we can write Eq. (2) in the form 



or in the form 



a=l 



(46) 



(47) 



where 







/ 


3 


6 


-4 


4 


-1\ 








1 




-1 


2 








-1 






^3 




-1 





6 


2 


1 






Fi 


~ 4 




-1 





-2 


2 


1 




F4 






I 


-1 


6 


4 


-4 


3j 







(48) 



Equation (46) is obtained when we choose {u, t) to be the two independent variables; i.e., we 
use Fa — Fa{u, t) in Eq. (2). On the other hand, Eq. (47) is obtained if the two independent 
variables are (s,t). For the pp elastic case, the expressions for F given by Eqs. (2), (46), 
and (47) are identical. However, if these expressions are used as input to generate pp^ 
amplitudes, then the constructed amplitudes will be different. The amplitude generated 
from Eq. (47) will be discussed in next subsection. Here, we would like to present, without 
showing the details of derivation, two more two-u-two-t special amplitudes which can be 
obtained from Eq. (46). We have 



TuTts 
in 



^eJ2 [u{qf)Xia^,u{qi) u{pf)X'^u{pi) + u{qf)Xau{qi) u{pf)Y^u{pi) 

a=l 

where {i — 1, 2), 

Xiaix = F^{ui, tp) — Vifj, 

I Qf K 

Pf • J\ 

with 



(49) 



Aq — Fa{u2, tp)Xa 



Pi ■ K ^^'^ 



(50) 



and and V"^ are defined by Eqs. (32) and (43), respectively. In deriving M^^"^*^, we have 
used Eqs. (24b) and (26a-26d). On the other hand, we have used Eqs. (24a), (26a), and (26b) 
to derive M^"^*-'. It can be shown that the amplitude M^"^** is identical to the amplitude 

MJ"-^**. Let us outline the proof as follows: If we write Eqs. (45) and (48) in the form Ga 
— UpCapGp and F^ — Y^pCapFp, respectively, then Cap and Cap can be defined. The first 
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step is to transform the exchange terms, the third and fourth terms of Eq. (31), into the same 
form as the direct terms by using the Fierz identity, {\a)ab{^°')cd = J2p=iCai3{^/3)ad{^^)cb- 
The second step is to combine these transformed direct terms obtained in the first step with 
the original direct terms of Eq. (31). The amplitude Mf^'^^^ can be easily obtained if we use 
the identity Cap = Sap + {—l)^Cpa- Clearly, M^^""^*'^ satisfies the Pauli principle, because 
it is identical to Mj"^*'^. The proof can also be carried out starting directly from M^^"^*^. 
This can be accomplished by using another identity, J2a=i Ca^Cap = (—1)^(7^/?. 

The amplitude M^"-^*'' (= Mj"^*^) has been used in Ref. 0. This amplitude violates the 
Pauli principle because its internal amplitude depends upon V^. However, the violation is 
only of order K. To see this, one need only observe that the internal amplitude for M^^"-^** is 
given by the same expresssion as that in Eq. (36a) but with replaced by V^, replaced 

by F^, and the Ga omitted. If one then carries out an expansion similar to that given by 
Eq. (38), one sees that the internal amplitude contributes only to the term of order K, the 
third term, in the soft-photon expansion. 

The amplitudes Mj"-^*'^ and M^^"-^*'' have been numerically studied. We found that the 
PP7 cross sections calculated from the two amplitudes are not significantly different, except 
for those cases when both proton scattering angles are very small and the photon angle tp.y is 
around 180°. The amplitude M™' gives the expected symmetric angular distribution for 
< V'7 ^ 180° ^'iid 180° < ip'y < 360°, while M^"-^*'' yields angular distributions which are 
slightly distorted around the point ip-y = 180°. Otherwise, both calculated corss sections are 
in good agreement with the experimental data and most of the potential model predictions. 

Finally, it should be pointed out that the Low amplitude can be derived from either 
MJ"-^*'^ or M^^**^**, and therefore it satisfies the Pauli principle. 

B. The Two-s-Two-t special amplitudes Mj*^*^(sj, s/; tp, fg) 

Another class of amplitudes, the two-s-two-t special amplitudes, can be derived if (s, t) 
are chosen to be the independent variables. The input (elastic-scattering amplitude) used 
to generate this class of amplitudes can be either Eq. (2) with Fa = Fa{s,t) (without 
introducing the Fierz transformation) or Eq. (47), which is obtained from Eq. (2) by applying 
the Fierz transformation. In other words, two amplitudes can be constructed, but it can be 
shown that they are identical. The same procedure as outlined in the previous subsection 
can be followed to obtain the proof. Here, we will just present the expressions for these two 
amplitudes without derivation, because the procedures for deriving them are very similar to 
those used in the previous sections for Mj**-^**. 

If Eq. (2) with Fa = Fa{s,t) is used as input, the resulting ppj amplitude assumes the 
form 

M™%Si, Sf, tp, tg)=eJ2 u{(lf)XiaMli) u{pf)X^u{pi) + u{qf)\au{qi) u{p f)Y i^u{p^) 



a=l 



+u{pf)\au{qi) u{qf)ZiJi{pi) + u{p f)T ia^iu{qi) u{qf)X°'u{pi 



(51) 



where 
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Xia, = F^,, t,) ( ^^^^ - K - FMf, tv)K (^y^ - ' 



^-Hv)A.-(-im^/.gA«(2|±| 

(Pi + gi)/. _ {Pf + 



Ti.;. = (-l)°F„(s„g f^£^i±|?i _ ly^^ A, - {-irF^{sf,t,)K (^^^^-^ - W,] , (52) 



with 



{pi + qi)-K ijpf + qf)-K ' 



On the other hand, if Eq. (47) is used to generate the two-s-two-t special amphtude, we 
obtain 



M™'isi,Sf;tp,tq) = eJ2 u{qf)X2aM9i) u{pf)X^u{pi)+u{qj)Ku{qi) u{p f)Y 2i,u{p^ 



a=l 



(53) 



where 



+ ur\ ^ ire. , ^^ + 




\ qj ■ K J \ qi- K 

K = F^is., Q ( ^^^i±# - W,] A" - F^isf, ( ^^^^ - W^ . (54) 



Obviously, both amplitudes {M'f^'^^'^ = M'^^'^^") are relativistic, gauge invariant, and consis- 
tent with the soft-photon theorem. The most serious theoretical arguments against the use 
of these two amplitudes to describe the pp7 process are that they are quite different from 
the amplitude constructed from the OBE model and that they violate the Pauli principle. If 
qi is interchanged with pi (or qj with Py), then tp and tq will be transformed into Ui and M2, 
and one obtains the amplitude Mf^'^^^{si, sj; ui, U2) {i = 1, 2), which is completely different 
from the amplitude —M^^^'^^^{si, Sf]tp,tq). 

We have shown that Mj"^** (or Mf^^^') is a suitable amplitude to use in describing 
the process, because it meets all theoretical requirements. As we have noted above, 
even though the amplitude M^""^** does not satisfy the Pauli principle at the order K, its 
numerical predictions are close to the results calculated from the amplitude Mj'^^*^, potential 
models ||7|-p^, and the OBE model |12[, for most cases. That is, the violation of the Pauli 



principle is not serious, and the amplitude describes the pp'j cross sections rather well. The 
{s,t) class of amplitudes [M'^^'^^^ = M^*^*^), on the other hand, cannot reproduce the OBE 
result. The OBE amplitude, in fact, belongs to the {u,t) class of amplitudes. Moreover, the 
violation of the Pauli principle for the (s, t) class of amplitudes is far more serious than it is 
for the (m, t) class of amplitudes. This is the most compelling reason why the (n, t) class of 
amplitudes should be used to describe the pp'j process, and why the optimal amplitude is 
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Figure Captions 



Fig. 1. Schematic representation of the proton-proton elastic scattering process: (a) cor- 
responds to a sum over the five direct amphtudes; (b) corresponds to a sum over the five 
exchange amphtudes multiphed by the sign factor (—1)". 

Fig. 2. The external bremsstrahlung diagrams generated from Fig. 1: (a) and (b) represent 
photon emission from the g/-leg; (c) and (d) from the ^^-leg; (e) and (f) from the p/-leg; 
(g) and (h) from the Pj-leg. 
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